Two-color Chip Game
Thanks to Nicholas Branca, San Diego State University

What is a “fair” game?  Give some examples.

The following game requires chips of two different colors and a small paper bag.  This game is for two players who are designated: A and B.

GAME #1
Decide who will go first.

Begin with two chips of one color and one chip of the other color in the bag.

Shake the bag.

Each player then picks one chip from the bag (without looking).

Player A wins if the chips are the same color; player B wins if the chips are different.

Play the game ten times and use tally marks in the table below to keep track of who wins each time.
	Player A wins (same color)
	Player B wins (different color)

	
	


Based upon the data collected, do you think this is a fair game?  Explain.

The activity above is an experimental approach to deciding if this game is fair.   Determine the theoretical probability that A wins and the theoretical probability that B wins.  Is this a fair game?  Does it matter which player picks a chip first?  Would you get the same results if the two chips were selected at the same time instead of sequentially?

GAME #2
Replay game #1 with three of one color chip and one of the other color.

CHALLENGE
For what values of n and m (where there are n chips of one color and m chips of the other color in the bag) will this game be fair?  Find as many pairs of numbers, n and m, that you can.  Try to make a general conjecture and then prove it. 
Discussion of the “Fair Games” problem:
Conjecture:  If w represents the number of white chips and b represents the number of blue chips, then the game is fair whenever w and b are consecutive triangular numbers (consecutive terms of the sequence:  1 , 3 , 6 , 10 , 15 , 21 , …).
· Counting the number of ways that person A can win:
For Person A to win, there must be either two white chips or two blue chips drawn.  The number of ways to draw either two white or two blue chips follows the same pattern—each is a count of the number of ways to select a pair of objects from a set of objects.

Number of objects


Number of pairs of objects (order does not matter)
 w  white chips





w ( w – 1 ) / 2

 b   blue chips





b ( b – 1 ) / 2

Hence, the number of ways for person A to win our game is given by the expression:
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   =      # ways for A to win.
· Counting the number of ways that person B can win:
For person B to win, there must be one chip of each color.  Since there are w choices for the white color and b choices for the blue color, the total number of combinations is wb.
Hence, the number of ways for person B to win our game is given by the expression:




wb    =   # ways for B to win.

The game is fair if and only if:



    # ways for A to win   
=  
 # ways for B to win.
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Let’s manipulate this equation a bit.
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w ( w – 1 )   +   b ( b – 1 ) 
=
  
2wb
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  w2  –   w    +    b2  –  b 
=

2wb
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  w2  –   2wb   +    b2   

=

w + b
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(w – b )2 

=

w + b

Our analysis shows that for our game to be fair, w and b must be two numbers whose sum is the square of their difference.  It is not too difficult to show that this very property holds for any two consecutive triangle numbers.
_1242645427.unknown

_1242646878.unknown

_1242646889.unknown

_1242645970.unknown

_1242645984.unknown

_1242645695.unknown

_1242645310.unknown

